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Task 1 – System Representations

Part A: Open Loop

	Consider the spring-mass system in Fig. 1.1.  Let the input of the system be the external force .  Let the output of the system be of the first mass.  Assume  and .
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(a) Derive the state equation of the open-loop system

Here we choose to set up two different equations of motion, one for each mass in the system.  The spring force is represented by  and the damping force is represented by .  The initial equations are:




Substitution yields:




In matrix form the equation becomes:



Choose the state variables with which substitutions will be made.






The state equation will take the form



Substitution of the equations of motion into this form of the state equation yields




The output of the state equation gives us the position of each mass.

(b) Derive the transfer function of the system, and plot its Bode diagrams versus , where the frequency parameter  is from .

The transfer function for the open-loop function can be described by the equation .  From the state equation we know,

, , , and .

The matrix described by  is shown below






This is used to solve for the transfer function G(s)



Now to plot the Bode Diagram

[image: ]


(c) Compute the poles and zeroes of the system.

By inspection it is clear that there are no zeroes for this transfer function.  However, there are four poles, two real and two complex.  The poles found using MATLAB are:





(d) Simulate the step response of the system .

The step response is plotted below.  This is what we’d expect from a system with now damping feedback.
[image: ]

Part B: Closed-Loop
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	Now, the system is under feedback control; see Fig. 1.2, where  is a reference input.  The sensor measures the displacement of the first mass, with the output being



The actuator is a first-order system described by the transfer function



Let  and  be the input and output of the closed-loop system, respectively.  The parameters of the spring-mass system are the same as given in Part A.  Assume that the sensor gain is .

(e) For the controller gain , derive the state equation of the closed-loop system.

The first order system described by the actuator requires that we define a new state variable.  In this case we define .  Now we can rewrite the equation in the time domain as follows:











In this case we can quickly describe the input  by first deconstructing its parts:







Combining these equations we get:



Which should be rearranged as:



The new transfer function becomes:





Substitution with , and other parameters yields:






(f) For , derive and plot the transfer function (Bode) of the system versus .
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(g) Plot the root loci of the control system as the control gain  varies from zero to infinity.

Plotting the root locus of the system gives the following plot,
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(h) Simulate the step response of the system for  (with ).

The step response for the closed-loop system is shown below.  This is what we’d expect now that the system has damping feedback.
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Task 2 – Solution of Dynamic State Equations

Part A: 

Consider the open-loop system described in Task 1.

(a) Determine the exponential matrix or fundamental matrix.  You may use MATLAB.

The solution to the exponential matrix can be written in this form:



The values of T and Δ are the eigenvectors and eigenvalues respectively.  T and its inverse are composed of components in the following manner:





In this case the values are given as:





The exponential matrix can now be rewritten in the form:


    
This will create four 4 x 4 matrices multiplied by exponents of the eigenvalues.  The following is the solution rounded to remove insignificant solutions:



 

   
   






       


Run MATLAB code for more accurate results.

(b) Plot the norm of the fundamental matrix,  against time , for the following values of the spring coefficient .  The other parameters are the same as in Part B of Task 1.

Below is the graph of the norm of the fundamental matrix for each given spring value.  We would expect the behavior to be more erratic as the spring value increases as shown in the plot below.

[image: ]



Part B: 

Consider the closed-loop system described in Task 1.

(a) Determine the fundamental matrix.

Following the example above, we can find the fundamental matrix with the following values for the eigenvectors and eigenvalues:
   




The fundamental matrix has the following representation with appropriate rounding:








 


Run MATLAB code for more accurate results.

(b) Simulate the impulse response () against time , for the following values of the damping coefficient .  The other parameters are the same as in Part B of Task 1.

The Impulse Response for the different damping coefficients gives us the plot below.  It is expected that the impulse response would settle faster as the damping coefficient increases.
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Task 3 – Stability, Controllability, and Observability

Part A:

Consider the open-loop system in Fig. 1.1.  Let  be the control force.  Assume  and .  Will the system be controllable for  and 10?  Can the value  be chosen such that the system is uncontrollable?
 
For the open loop system we must first consider the controllability matrix:



The number of uncontrollable states can be found by subtracting the Rank of the controllability matrix from the length of the matrix A.



The system will be controllable since for each value of the damping coefficient the value of N is zero.  The length and the Rank both have values of 4 for each value of c.  Furthermore, the determinant of the controllability matrix is -100, also meaning it is controllable for each value of c.

The damping coefficient, c, cannot be chosen in such a way as to make the system uncontrollable.  It is the nature of the damper to control the system.  However, if the spring constant, k, were changed it could make the system uncontrollable.

Part B: 

Consider the open-loop system in Fig. 1.2, with  and .  Assume unity sensor gain, . 

(a) Will the closed-loop system be asymptotically stable for ?

To solve this problem we must first find the transfer function of the closed-loop system.  We know from the first Task that the system has the following representation:





Substitution with  and given parameters yields:





The transfer function can be calculated the following way:



This yields the transfer function:



The stability of the closed-loop system depends upon the denominator not being a null value.  This depends upon the open loop transfer function which is described by the denominator.  The characteristic equation of the open-loop transfer function can be found by setting the denominator of the closed-loop transfer function equal to zero.  This equation can be rewritten:



Where we define  as:



To determine if the system is asymptotically stable for the given range we must plot the root locus:
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There are five poles, all of which have negative Real parts.  By inspection, the closed loop system is asymptotically stable for , however we see unstable positive Real poles as the value increases larger than 110.

(b) Study the Observability of the closed-loop system as the control gain  varies from zero to infinity.

Observability can be determined by first building the Observability Matrix and then determining the Rank of the matrix.  If the matrix has full column rank then the system will be observable.  The Observability Matrix is built below:



Clearly the gain  does not play a role in the Observability Matrix.  The Rank of the matrix is 5, which is full column Rank.  Therefore, the closed-loop system is observable through all the values of  from zero to infinity.


Task 4 – State Feedback Control

	Consider the open-loop system shown in Fig. 1.1.  Assume that all the state variables  are accessible.  Let the control force be applied to the second mass.  Let  be the state vector of the open-loop system.

(a) Design a state feedback controller



such that all the closed-loop poles are complex with real parts being less than -4.

To design the state feedback controller gain first the poles must be chosen.  To accomplish this a damping coefficient, ξ, must be chosen.  The damping coefficient is a function of the angle to the pole, which in this case will be chosen as 60˚.



The damping coefficient also determines the overshoot of the system, Mp, which in this case is 16.3%.



The range for the natural frequency can be determined by using the restraints given by the task.  All the poles must have a Real part that is less than -4, giving the relation



Or



In this case the Real part of the poles will be arbitrarily chosen.  The first pair of system poles will be set at -5 and the second set at -6, giving natural frequencies of 10 rad/sec and 12 rad/sec respectively.  With this information the natural frequency can be chosen and the Imaginary part of the poles determined.








(b) Assume that the control equation is



Where  is a reference input.  Can you choose the gain  such that the settling time of the output of the closed-loop system to a step input is less than 3 seconds?

This case is similar to the previous one, therefore the damping coefficient of 0.5 will remain the same.  Knowing that the condition is for the settling time to be less than 3 seconds, we can use the following relation to solve for the conditions on the natural frequency:





Note that this condition is not as strict as the condition from the previous part of this task.  Therefore, we can use the same poles from the previous task and therefore the same gain will be chosen.  

By placing the poles and the matrices A and B of the open-loop state feedback equation into MATLAB the gain of the state feedback controller can be found.  The gain is:



The new system can be plotted in a Bode diagram to show its performance

[image: ]

Now it is important to look at the plot of the Root Locus to ensure that the points have been placed correctly.  Below the Root Locus diagram is plotted and then zoomed in upon.

[image: ]
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The poles do in fact appear correctly.  Furthermore, the system shows stability for gain values .  

Now we can calculate the settling and peak time of the system with the equations below:





The first set of poles show a settling time, , of 0.80 seconds and a peak time, , of 0.36 seconds.  The second set of poles show a settling time of 0.66 seconds and a peak time of 0.30 seconds.


The plot of the step function is below:

[image: ]

Clearly the settling time condition is met with the choice for these poles and gains.  

(c) 

Task 5 – Output Feedback Control

[image: C:\Users\Chris\AppData\Local\Temp\msohtmlclip1\01\clip_image001.png]

	Consider the output feedback control system in Fig. 5.1, in which the sensor is described by 



And the actuator equation is 



Let the system parameters be



Design a state observer and a feedback control gain matrix  such that the control system meets the following requirements:

(a) The closed-loop poles of the control system are



(b) The observer poles are located at least 10 times more left to the imaginary axis than those of the closed-loop systems.

The first order system described by the actuator requires that we define a new state variable.  In this case we define .  Now we can rewrite the equation in the time domain as follows using the same method as in previous tasks:



In this case the input  is described by:



The sensor feedback is described by:



Combining these equations we get:



The new transfer function becomes:





Substitution with  and other parameters yields:





Assume in this case that K = 1, therefore describing a system from which we can change the gain.  This allows us to calculate the feedback control gain matrix, K, as:



Similarly the state observer gain we can use the A and C matrices.  Setting the poles ten times from the real axis:



The solution becomes:









Appendix A – Task 1 Code

% Semester Project
% AME 541
% Fall 2007

% Chris Gilmer
% November 4th, 2007

clear all;

% Task 1. System Representations
% Part A. Open-loop
% Values
m1 = 0.1;
m2 = 2;
c = 0.5;
k = 4;

% State Equation Matrices
A = [0 0 1 0;0 0 0 1; -k/m1 k/m1 0 0;k/m2 -k/m2 0 -c/m2];
B = [0;0;0;1/m2];
C = [1 0 0 0];
D = [0];

% Describe Transfer Function
[Num,Den] = ss2tf(A,B,C,D);

% Zeroes, Poles, and Gains
[z,p,Gain] = ss2zp(A,B,C,D);

% Bode Plot of System
Gs = tf(Num, Den);
figure(1)
bode(Gs);

% Step Response of System
fc = 1;
B = B*fc;
figure(2)
step(A,B,C,D);

% Part B. Closed-loop
Ks = 0.1;
Kc = 1;

% Closed-loop State Equation Matrices
Ac = [0 0 1 0 0;0 0 0 1 0; -k/m1 k/m1 0 0 0;k/m2 -k/m2 0 -c/m2 1/m2;-8*Kc*Ks 0 0 0 -150];
Bc = [0;0;0;0;8*Kc];
Cc = [1 0 0 0 0];
Dc = [0];

% Describe Closed-loop Transfer Function
[Numc,Denc] = ss2tf(Ac,Bc,Cc,Dc);

% Bode Plot of Closed-loop System
Gsc = tf(Numc, Denc);
figure(3)
bode(Gsc);

% Plot Root Locus no Control Gain Kc
figure(4)
rlocus(Gsc);

% Plot Root Locus with Control Gain Kc
Kc = linspace(1,100000,100001);
figure(5)
rlocus(Gsc,Kc);

% Step Response of System
Kc = 10;
yr = 1;
Ac = [0 0 1 0 0;0 0 0 1 0; -k/m1 k/m1 0 0 0;k/m2 -k/m2 0 -c/m2 1/m2;-8*Kc*Ks 0 0 0 -150];
Bc = [0;0;0;0;8*Kc];
Bc = Bc*yr;
figure(6)
step(Ac,Bc,Cc,Dc);



Appendix B – Task 2 Code

% Semester Project
% AME 541
% Fall 2007

% Chris Gilmer
% November 4th, 2007

clear all;
close all;

% Task 2. Solution of Dynamic State Equations
% Part A. Open-loop
% Values
m1 = 0.1;
m2 = 2;
k = 4;
c = 0.5;

Ks = 0.1;
Kc = 10;
yr = 1;

% Open-loop State Equation Matrices
A = [0 0 1 0;0 0 0 1; -k/m1 k/m1 0 0;k/m2 -k/m2 0 -c/m2];
B = [0;0;0;1/m2];
C = [1 0 0 0];
D = [0];

% Determine the fundamental matrix
[T,V] = eig(A)
Tinv = T^-1;

for i=0:3
j = i*4;
Q = [T(1+i); T(5+i); T(9+i); T(13+i)];
P = [Tinv(1+j) Tinv(2+j) Tinv(3+j) Tinv(4+j)];

TT = Q*P
end


% Plot the norm of the fundamental matrix
% Spring Coefficients k = 1, 4, 20, 100, 200
k = [1 4 20 100 200];

for i = 1:5
    for t=1:100
    A = [0 0 1 0;0 0 0 1; -k(i)/m1 k(i)/m1 0 0;k(i)/m2 -k(i)/m2 0 -c/m2];
    y(i,t) = norm(expm(A*t));
    end
end

Time = (1:1:100);

figure(7)
plot(Time,y(1,1:100),Time,y(2,1:100),Time,y(3,1:100),Time,y(4,1:100),Time,y(5,1:100))
axis([0 45 0 60])
title('Open-Loop: Norm of Fundamental Matrix');
xlabel('Time (t)');
ylabel('Norm');
h=legend('k = 1','k = 4','k = 20','k = 100','k = 200',1);
set(h,'Fontsize',10,'LineWidth',1)

% Part B. Closed-loop
% Closed-loop State Equation Matrices
Ac = [0 0 1 0 0;0 0 0 1 0; -k(2)/m1 k(2)/m1 0 0 0;k(2)/m2 -k(2)/m2 0 -c/m2 1/m2;-8*Kc*Ks 0 0 0 -150];
Bc = [0;0;0;0;8*Kc]*yr;
Cc = [1 0 0 0 0];
Dc = [0];

% Determine the fundamental matrix
[Tc,Vc] = eig(Ac)
Tcinv = Tc^-1;

for i=0:4
j = i*4;
Qc = [Tc(1+i); Tc(5+i); Tc(9+i); Tc(13+i); Tc(17+i)];
Pc = [Tcinv(1+j) Tcinv(2+j) Tcinv(3+j) Tcinv(4+j) Tcinv(5+j)];

TTc = Qc*Pc
end

% Plot the norm of the fundamental matrix
% Damping Coefficients c = 0.1, 0.3, 1, 5, 10
c = [0.1 0.3 1 5 10];
t = (1:1:100);

for i = 1:5
    for t=1:100
    Ac = [0 0 1 0 0;0 0 0 1 0; -k(2)/m1 k(2)/m1 0 0 0;k(2)/m2 -k(2)/m2 0 -c(i)/m2 1/m2;-8*Kc*Ks 0 0 0 -150];
    yc(i,t) = norm(expm(Ac*t));
    end
    [Numc,Denc] = ss2tf(Ac,Bc,Cc,Dc);
    Gsc(i) = tf(Numc, Denc);
end

figure(8)
plot(Time,yc(1,1:100),Time,yc(2,1:100),Time,yc(3,1:100),Time,yc(4,1:100),Time,yc(5,1:100))
title('Closed-Loop: Norm of Fundamental Matrix');
xlabel('Time (t)');
ylabel('Norm');
h=legend('c = 0.1','c = 0.3','c = 1','c = 5','c = 10',1);
set(h,'Fontsize',10,'LineWidth',1)

% Impulse Response

figure(9)
impulse(Gsc(1),Gsc(2),Gsc(3),Gsc(4),Gsc(5))
axis([0 250 -1 1.5])
h=legend('c = 0.1','c = 0.3','c = 1','c = 5','c = 10',1);
set(h,'Fontsize',10,'LineWidth',1)



Appendix C – Task 3 Code

% Semester Project
% AME 541
% Fall 2007

% Chris Gilmer
% November 29th, 2007

clear all;
close all;

% Task 3. Stability, Controllabiltiy, and Observability
% Part A. Open-loop
% Values
m1 = 0.1;
m2 = 2;
k = 4;
c = [0 0.5 1 2 10];

for i = 1:5
% Open-loop State Equation Matrices
A = [0 0 1 0;0 0 0 1; -k/m1 k/m1 0 0;k/m2 -k/m2 0 -c(i)/m2];
B = [0;0;0;1/m2];
C = [1 0 0 0];
D = [0];

% Controllability Matrix
Mc = ctrb(A,B)

% Determinant shows controllability
DMc(i) = det(Mc);

% Number of uncontrollable states
unco(i)= length(A)-rank(Mc)
end

% Part B. Closed-loop
num = [160];
den = [1 150.25 79.5 6310 1500 0];
Go = tf(num,den)
figure(10)
rlocus(Go)

%Determine observability of system
%Mo = obsv(Ac,Cc)

% Number of unobservable states
%unob = length(Ac)-rank(Mo)



Appendix D – Task 4 Code

% Semester Project
% AME 541
% Fall 2007

% Chris Gilmer
% December 1st, 2007

clear all;
close all;

% Task 4. State Feedbacj Control
% Part A. Open-loop: Design a state feedback controller
% No reference input (u = -Kx)
% Values
m1 = 0.1;
m2 = 2;
k = 4;
c = 0.5;

% State Equation Matrices
A = [0 0 1 0;0 0 0 1; -k/m1 k/m1 0 0;k/m2 -k/m2 0 -c/m2];
B = [0;0;0;1/m2];
C = [1 0 0 0];
D = [0];

p = [-5+i*8.66; -5-i*8.66; -6+i*10.39; -6-i*10.39]

Kgain = place(A,B,p)

Ak = A - B*Kgain;

% Describe Closed-loop Transfer Function
[Numc,Denc] = ss2tf(Ak,B,C,D);

% Bode Plot of Closed-loop System
Go = tf(Numc, Denc);
figure(11)
bode(Go);

figure(12)
rlocus(Go);

figure(13)
rlocus(Go);
axis([-25 5 -15 15])

% Task 4. State Feedbacj Control
% Part B. Open-loop: Design a state feedback controller
% With reference input (u = r-Kx)
pr = [-1.33+i*2.3; -1.33-i*2.3; -2.66+i*4.6; -2.66-i*4.6]

Krgain = place(A,B,pr)

Ark = A - B*Kgain;

% Describe Closed-loop Transfer Function
[Nr,Dr] = ss2tf(Ark,B,C,D);

% Bode Plot of Closed-loop System
Gr = tf(Nr, Dr);
figure(14)
step(Gr);
axis([0 3 0 2*10^-3])




Appendix E – Task 5 Code

% Semester Project
% AME 541
% Fall 2007

% Chris Gilmer
% December 1st, 2007

clear all;
close all;

% Task 5. Output Feedback Control with State Estimator
% Part A. Feedback Control Gain

Kc=1;

A = [0 0 1 0 0;0 0 0 1 0;-40 40 0 0 0;2 -2 0 -.25 -.5;7.5*Kc 0 0 0 -120];
B = [0;0;0;0;5*Kc];
C = [1 0 0 0 0];
D = 0;

p = [-6;-6+12*i;-6-12*i;-4+4*i;-4-4*i];

K = place(A,B,p)

%Part B. Observer Control Gain

op = [-60;-60+12*i;-60-12*i;-40+4*i;-40-4*i];

L = place(A',C',op)
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Fig. 1.1 Open loop
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